
S E L F - S I M I L A R  S O L U T I O N  O F  T H E  N A V I E R - S T O K E S  

E Q U A T I O N S  F O R  A C O M P L E T E L Y  I O N I Z E D  H Y D R O G E N  

P L A S M A  ( T H E  P L A N E  P I S T O N  P R O B L E M )  

R .  G. L u k ' y a n o v a  a n d  S. I~ F a d e e v  

The  s e l f - s i m i l a r  mot ion of a comple te ly  ionized hydrogen p l a s m a  is cons idered  in the two-  
t e m p e r a t u r e  hydrodynamic  approximat ion,  i .e.,  we consider  the plane piston p rob lem and the 
p rob lem on energy  r e l e a s e  at a fixed wall. Resul ts  obtained by numer ica l  in tegrat ion of the 
r e l evan t  s y s t em  of o rd inary  different ial  equations a r e  quoted. 

The undisturbed med ium is a s s u m e d  to be a dense, comple te ly  ionized hydrogen p l a s m a  at r e s t ,  with 
density PN and zero  e lec t ron  and ion t e m p e r a t u r e s .  We cons ider  the plane piston p rob lem for a given heat  
r eg ime .  The piston mot ion and the heat  r e g i m e  a re  chosen in such a way that s e l f - s i m i l a r  motion of the 
medium r e s u l t s  [1]. We neglect  the ro le  of radia t ion and a s s u m e  a ze ro  magnet ic  field. 

1. The per tu rba t ions  of a dense comple te ly  ionized p l a s m a  a re  commonly  desc r ibed  by a s y s t e m  of 
Nav ie r -S tokes  equations,  the genera l  fo rm of which is given in [2], as  an example .  Under the  assumpt ion  
of s t r i c t  e l ec t r i ca l  neutral i ty ,  an ion charge  z = 1, and a ra t io  of specif ic  heats  7 = Cp/C V = 5/3 , the sy s t em 
for uniform, plane, unestabl ished motion can be wri t ten  as 

du O0~_c OP~ 4 . 0 F/ P~ ~'/2 au] d p _  Ou 
- 0. w J   +0w = ~  

3 d P~ 4 k~ -f- 

T P ~ - ~ - m p  -~-~ = • -~-r'-~J +kqp~/~ /j2 ' 

(1.1) 

He re ,  t is t ime;  r is a l inear  coordinate;  u is the veloci ty  of the ion gas,  equal to the veloci ty  of the 
e lec t ron  gas;  Pe and Pi a r e  the p r e s s u r e s  of the e lec t ron  and ion gases ;  and k~,  k~ ,  and kq a r e  constant  
fac tors ,  belonging, r e spec t ive ly ,  to the coeff icient  of ion v iscos i ty ,  the coefficient  of e lec t ron  heat  conduc-  
tion, and the ene rgy  exchange between the e lec t rons  and ions. The dependences of k~,  k~4 , and kq on the 
a tomic  constants  a r e  given by 

(1.2) 

Here ,  m i is the ion m a s s ;  m e is the e lec t ron  m a s s ;  e is the e l emen ta ry  charge,  and k is the Coulomb logs -  
r i thm.  Both components  of the medium,  with ion t e m p e r a t u r e  0 i and e lec t ron  t e m p e r a t u r e  0e, a r e  a s su med  
to sa t i s fy  the equation of s ta te  of a pe r fec t  gas,  i .e.,  

p~-~pR01, p ~ - ~ p R O e ,  R = k / m ~  (1.3) 

where  k is Bo l t zmann ' s  constant.  

Consider  the case  in which the piston motion and the heat  energy r e l e a s e  at the piston a r e  specif ied by 

r ,  (t) ~ A t  ~, E (t) ~- B t  a (1.4) 
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The  c o n s t a n t s  def in ing  the so lu t ion  of the  p r o b l e m  have  the  fo l lowing  d i m e n s i o n s :  

[9N] = M L  -8, [A] = L T  TM, [B] = MT-(2+a) 

[k~] = [k• : M L - 6 T  4, [kq] = M-1L~T  -a 

If we now r e q u i r e  tha t  on ly  two o f  t h e s e  c o n s t a n t s  have  independen t  d i m e n s i o n a l i t i e s  ( s a y  PN and A), 
we f ind  tha t  

n : 4 /3 ,  ~ : 2 ( 1 . 5 )  

In c a s e  (1.5),  t h e r e f o r e ,  the  m o t i o n  of the  m e d i u m  is  s e l f - s i m i l a r ;  and th i s  l a t t e r  m a y  be u sed  to 
t r a n s f o r m  (1.1) into a s y s t e m  of  o r d i n a r y  d i f f e r e n t i a l  equa t ions  [1]. 

No t i ce  tha t ,  in p r o b l e m s  of  p lane  (u = 1), c y l i n d r i c a l  (v = 2), and  s p h e r i c a l  (v = 3) p i s t o n s ,  with h e a t  
r e g i m e s  of  the  (1.4) type ,  the  m o t i o n  i s  s e l f - s i m i l a r  if  

r ,  (t) : At%, E (t) = Bt%(~+~) -2 

In p a r t i c u l a r ,  when A = 0 we ob t a in  the  p r o b l e m  c o n c e r n i n g  e n e r g y  r e l e a s e  at  a point .  In add i t ion ,  the  
s i m i l a r i t y  p r o p e r t y  i s  e a s i l y  s e e n  to be r e t a i n e d  with o t h e r  v a l u e s  of  z and 7. 

2. A s  d i s t i n c t  f r o m  the  mo t ion  of an o r d i n a r y  v i s c o u s  ga s ,  in which v i s c o s i t y  and h e a t  conduc t ion  a r e  
e q u a l l y  i m p o r t a n t  f a c t o r s  ( the  P r a n d t l  n u m b e r  i s  of o r d e r  unity) ,  in a h i g h - t e m p e r a t u r e  c o m p l e t e l y  i o n i z e d  
p l a s m a  the P r a n d t l  n u m b e r  b e c o m e s  much  s m a l l e r  than uni ty  b e c a u s e  of the  l axge  e l e c t r o n  hea t  conduct ion ,  
and  u n l e s s  we a r e  i n t e r e s t e d  in the  s t r u c t u r e  of  t he  v i s c o u s  jump,  the  in f luence  of the  ion v i s c o s i t y  can  be 
n e g l e c t e d .  H e r e ,  the  con t inuous  s o l u t i o n  of  s y s t e m  (1.1) t r a n s f o r m s  into a d i s c on t i nuous  so lu t ion  with a s o -  
c a l l e d  " i s . e l e c t r o n - t h e r m a l  j u m p "  [3]. I t  i s  a s s u m e d  h e n c e f o r t h  tha t  the  ion g a s  i s  n o n v i s c o u s .  

F o r  c o n v e n i e n c e ,  a f t e r  pu t t ing  k~ = 0 in (1ol),  we r e w r i t e  t he  s y s t e m  in L a g r a n g i a n  v a r i a b l e s  (x, t),  
w h e r e  x i s  the  m a s s  c o o r d i n a t e :  

Ou OPe ~ Op 2 0 u  
o--/- § - ~ -  + = 0 ,  o - 7 + 9  - ~ - = 0  

3 R 00~ _ _  Ou Oe--Oi OOe 
2 Ot P~ ~"  + Kp 0 ~  ' W : - -  Uop0e % Ox 

O0 e Ou 0 i - -  Oe OW P1 Pe 
3 B --  Pe + K 9  --  -- 9R  
2 Ot Ofx O'eA Ox ' 0 i 0 e 

H e r e ,  W i s  the  hea t  flux, d e t e r m i n e d  by the  e l e c t r o n  h e a t  conduc t ion  

Zo : tU~k• K : 9.48R3/• 

Since  the  e l e c t r o n  hea t  conduc t ion  i s  n o n l i n e a r ,  the  so lu t i on  of the  p r o b l e m  t a k e s  the  f o r m ,  a s  in [4], 
of a t e m p e r a t u r e  wave ,  t r a v e l i n g  with f in i t e  v e l o c i t y .  B e a r i n g  th i s  c i r c u m s t a n c e  in mind ,  the  i n i t i a l  and  
b o u n d a r y  cond i t i ons  at  t = 0, x > 0 and a t  the  l e a d ing  f ron t  of  the  d i s t u r b a n c e  with  x = XN, t > 0, a r e  g iven  
by  

and a t  the  p i s t o n  with x = O, t > 0 by 

u = O ~ = O ~ - :  W : O  

(2.1) 

u ~ / a  At'/', W = 2 B t  or u = a / 3  At'l~, O e =  To f  ~' 

In t he  no ta t ion  of  [4], the  e x p r e s s i o n s  for  the  t r a n s f o r m a t i o n  of  s y s t e m  (2.1) m a y  be w r i t t e n  a s  

(2.2) 

(2.3) 

u (x, t) = v~ (S) R1/2ToV2tV ,, 

pe (x, t) = ~ (S) R-~• 

p~ (x, t) : ,B i (S)  R-l• 

p (x,  t) = 6 (S) R-enoToV% 

Oe (x, t) = / e  (S) Tot 2/, 
O~ (x, t) : / ~  (S) TotV3 

W (x, t) : ~ (S) R-V2• 

S = xRV2~o-lTo-2t-'/~ (2.4) 

A f t e r  r e d u c t i o n  of  the  t r a n s f o r m e d  s y s t e m  to the  n o r m a l  f o r m ,  we ob ta in  
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d~e 4 dot a d[J i d ie  
ds 3 S ds 3 ds ' ds ~ f 3/~ 

e e 

d-7 - ~ - -  [ t  ~ -EEs ~ / ,  ' ' / ~ 

while it follows f rom conditions (2.2) and (2.3) that 

(2.5) 

6----0N, a - ~ - - ~ i - - - - / ~ - - ~ f ~ = ~ - - ~ 0  when S - - ~ S N  (2.6) 
a~CZo, ~---~o when s ~ O  

where s = s N and s = 0 charac te r ize ,  respectively,  the position of the leading front of the disturbance and 
the position of the piston, and 

ON = p N ~ U o - I T o  -"h, a o = 4/3 ATI-'/~ ~o = 2BR' /~Uo-ITo -3 

The following expression,  connecting the l inear coordinate with the s imi lar i ty  var iables ,  may  be ob-  
tained f rom the equation of continuity: 

(2.7) 

This implies, in par t icular ,  that the movement  of the leading front of the disturbance is descr ibed by 

SN RV,  ToV, t% (2.8) 

3. It is c lear  f rom the boundary conditions (2.6) that s = s N is a s ingulari ty of sys tem (2.5). Let  us 
requ i re  that the t ransformat ion 

= ( sN - s)~/h 

where h is an integer g rea te r  than unity, is subh that the requi red  functions can be written in the neighbor-  
hood of s = s N as ser ies  in integral  powers of T. Retaining only the principal t e r m s  in theexpansions,  the 
asymptot ic  behavior of the functions are  found to be given by 

3 8N s~ J e . . . .  8=0N+  8N' , 

'$N ~ 

]i  -~ i . 1 8 5  ~ ]e~ + . . . .  q) = 2SN/e -]- �9 . . 

~N (sN - -  s)]  2/5 /,= [5~ +.. .  

( 3 . 1 )  

Express ions  (3.1) for a ,  fie, r e ,  and r are  the same as the asymptotic  express ions  for a ,  fl, f , a n d  
q~ in the neighborhood of the leading front of a disturbance obtained in [4], when solving the se l f - s imi la r  
problem on a plane piston in the s ingle-component  medium, provided that n = 4/3 and that the thermal  
conductivity is proport ional  to the t empera tu re  to the power 5/2. 

With small values of SN-S,  the determinant  A of sys tem (2.5) is positive, while at the piston, with 
s = 0, we have A < 0. This implies (the proof  is just the same as in [4]) that the solution of sys tem {2.5) 
under boundary conditions (2.6) cannot be continued continuously from s = s N to s = 0. Here,  we exclude 
the case  in which at some point s t at which A = 0 the r ight-hand side of the f i rs t  equation of sys tem (2.5), 
and hence also, the r ight-hand side of the second equation of (2.5), vanishes.  
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With  r e g a r d  to the  po in t  s = 0, we m e r e l y  o b s e r v e  that ,  when re(0) > 0, the  s i n g u l a r i t y  at  t h i s  po in t  
can be e l i m i n a t e d .  

4. Le t  the  p o s i t i o n  of  the  s u r f a c e  of d i s c o n t i n u i t y  of  the  h y d r o d y n a m i c  v a r i a b l e s  be c h a r a c t e r i z e d  by 
the  c o o r d i n a t e  x0, which c o r r e s p o n d s  to the  v a l u e  s o of the  d i m e n s i o n l e s s  v a r i a b l e  s. The  c ond i t i ons  on the 
i s o e l e c t r o n - t h e r m a l  jump  m a y  be w r i t t e n  a s  [3] 

/ dro u l ) = p 2  (dr~ 
P: ~--3Y - -  \ T - -  u2 ) ], 0~: 0~,, 

/ dro ',~ ) 

) 2 5 p:: i I, Vi = T \-EF - -  usj ' 1 V2 I (dro _ _ u l  -T- 
T \-EF T p: l 2 p2 J 

llrx__~V2 : ] P~__L in P~ 
px P: 

H e r e  and below,  s u b s c r i p t s  1 and 2 a r e  a s s i g n e d  to func t ion  v a l u e s  on the " l e a d i n g "  and " t r a i l i n g "  
f ron t  of the  s u r f a c e  of d i s con t inu i t y ;  d r 0 / d t  i s  the  jump p r o p a g a t i o n  speed ,  and 

(4oi) 

'/ So T 3 \ (t) F0 R'ATo%t% ,~ ~ T ~ "  ~ )  
(4.2) 

The  l aws  of  c o n s e r v a t i o n  of the  m a s s  and m o m e n t u m  f lows a t  the  jump  have  the usua l  f o r m .  In the  

l aw  of c o n s e r v a t i o n  o f  the  e n e r g y  flow, we t a k e  accoun t  of the  f ac t  tha t  0e l  = 0e2 , and tha t  the  c o m p r e s s i o n  
of the  e l e c t r o n  g a s  is  i s o t h e r m a l .  

App ly ing  t r a n s f o r m a t i o n  (2.4) to (4.1), we can  now e x p r e s s  the  qua n t i t i e s  beh ind  the  jump in t e r m s  of 

A s  a r e s u l t ,  we  ge t  

e = Pl / P~ 

4 (i -- 8) ~o 

(4.3) 

t - - e  (..~ sd 

4 i /i2 = 8 T~=~i - -  - ~  so/el In T - '  
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The value of e is found by solving the t ranscendental  equation 

( l - - e ) !  ~ ~-5(a~ § a~) e! = ~ - ln  1 
4 -~- (4.4) 

9 81 R 9 8z ~e~, a~ = ~ ~ r' i l  
a e -  16 so s 

The condition fli2 > fill implies that the requi red  root  of (4.4) 
must  sat isfy the inequalities a e < e < 1. 

It may easily be shown that only one root  of (4.4) lies between 
ae and 1. 

5. Numerical  integration of system (2.5) under boundary conditions (2.6) and conditions (4.3) on the 
jump was ca r r i ed  out by Luk'yanov. 

The values of s N and s o were  fixed in some way and the Cauchy problem solved with the initial data, 
at a point where the asymptotic  representa t ion (3.1) still holds. The functions s N and s o are  the sums of the 
squares  of the deviations of the given boundary conditions at the point s = 0 from the values obtained by 
solving the Cauchy problem. By using the method of fas tes t  descent,  we then found the values of s N and s o 
at which the sum of squares  of the deviations vanished. 

The following typical cases  were  considered:  a) a piston with a heat supply loP0 = 69.91, c% = 2.572 
(Fig. 1)], b) an adiabatic piston [q~0 = 0, a0 = 30770 (Fig. 2)], c) a piston with a heat drain [~0 = -63.55, a0 = 
4.308 (Fig. 3)], and d) the problem of energy re lease  at a fixed wall [r = 100.9, a0 = 0 (Fig. 4)]. 

The corresponding ~(s) distributions are  shown in Fig. 5; curves  1-4 correspond,  respect ively ,  to 
r = 100.9, 69.91, 0.0,63.55;  it was assumed throughout that 6 N = 1. 

It can be seen f rom the curves  that the behavior of the hydrodynamic quantities is ent i re ly typical of 
the motions considered in the e lect ron- ion medium. A few points may be noticed. In the piston problem the 
ion tempera ture  is g rea te r  than the e lectron tempera ture  in the region immediately  behind the jump, where -  
as the r e v e r s e  is t rue in the problem of energy re lease  at a fixed wall. The g rea te r  the energy supplied to 
the electron gas at the piston, the smal le r  the ion tempera ture  jump. Finally, in all the cases  considered,  
only flows corresponding to a t empera tu re  wave on the f i rs t  kind [4] were  obtained. 
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